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SYMMETRIC ORTHOGONALITY AND NON-EXPANSIVE
PROJECTIONS IN METRIC SPACES
MARTIN KELL
Abstract. In this paper known results of symmetric orthogonality, as in-
troduced by G. Birkhoff, and non-expansive nearest point projections are ex-
tended from the linear to the metric setting. If the space has non-positive cur-
vature in the sense Busemann then it is shown that those concepts are actually
equivalent. In the end it is shown that every space having non-positive cur-
vature in the sense of Busemann is a CAT (0)-space provided that its tangent
cones are uniquely geodesic and their nearest point projections onto convex
are non-expansive.
Orthogonality in the Euclidean setting can be described either by an angle con-
dition or by a nearest point projection property using Pythagoras’ theorem. More
precisely, one says a geodesic γ intersects a geodesic η orthogonally if the inter-
section point p is the closest point of γ1 on η. We denote this by γ⊥pη. It is
not difficult to see that in the Euclidean setting γ intersects η orthogonally if and
only if η intersects γ orthogonality. Hence Euclidean spaces are said to have the
symmetric orthogonality property (SO).
For general normed spaces the orthogonality condition in terms of projections
appeared the first time in Birkhoff’s work [Bir35, Theorem 2]. He showed that
the only higher dimensional Banach spaces having symmetric orthogonalities are
Hilbert spaces. Later the symmetric orthogonality property appeared again in the
setting of Hilbert geometries [KP52] where it was called symmetric perpendicularity.
More recently, it appeared in the metric setting under the name of property (B) in
[Kuw13].
An essential ingredient to obtain the non-expansive behavior for gradient flows of
convex functionals in spaces having non-positive curvature in the sense of Alexan-
drov is the fact that nearest point projections onto convex sets are themselves
non-expansive. This result is well-known for Hilbert spaces. In fact, Kakutani
[Kak39, Therem 3] showed that Hilbert spaces are the only higher dimensional
Banach spaces having non-expansive projections onto convex sets. This result was
rediscovered later by Phelps [Phe57, Theorem 5.2]. Subsequently, it was generalized
to Hadamard manifolds and CAT (0)-spaces, see bibliographic remarks of [Bač14,
Chapter 2 & 5].
The non-expansive projection property (NE) can be also used to prove a con-
vexity principle, a kind of generalized maximum principle for harmonic maps into
non-positively curved spaces. More precisely, if h : M → N is harmonic, i.e. a local
minimizer of the Dirichlet energy, then h(M) is contained in the closed convex hull
of h(∂M). Indeed, this follows from the non-expansive projection property and the
fact that the Dirichlet energy E satisfies E(πC ◦f) ≤ E(f) whenever f
∣∣
∂M
= h
∣∣
∂M
,
1
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see [Jos94, Chapter 8]. Here πC denotes the nearest point projection onto the con-
vex hull C, i.e.
πC(z) = {zC ∈ C | d(z, zC) = inf
z′∈C
d(z, z′)}.
Using projection one readily verifies that γ⊥pη holds whenever γ and η intersect in
p and satisfy p ∈ πη(γ1).
In this note we show that the concepts of non-expansive projections (NE) and
symmetric orthogonalities (SO) are strongly related. Indeed, Proposition 17 shows
that having non-expansive projections implies the symmetric orthogonality prop-
erty. Note that the opposite is wrong as can be observed on a small convex domain
of the sphere Sn.
Assuming a form of non-positive curvature assumption introduced by Busemann
we are able to prove the following equivalence between the two conditions.
Theorem 1 (see Lemma 14 and Theorem 18). Assume (M,d) is a complete Buse-
mann convex geodesic space, i.e. for all geodesics γ and η with γ0 = η0 it holds
d(γ 1
2
, η 1
2
) ≤
1
2
d(γ1, η1).
Then the following properties are equivalent:
• (Property (SO)) For all geodesics γ and η with γ0 = η0 it holds
γ⊥γ0η ⇐⇒ η⊥γ0γ.
• (Property (A)) Whenever γ is geodesic and x ∈M then for all t ∈ [0, 1]
and xC ∈ πγ(x) it holds
d(xC , γt) ≤ d(x, γt).
• (Property (NE)) Whenever C is a closed convex set and x, y ∈ M then
for all xC ∈ πC(x) and yC ∈ πC(y) it holds
d(xC , yC) ≤ d(x, y).
In the following M ×2 R denotes the metric space (M ×R, d˜) equipped with the
metric d˜((x, t), (y, s))2 = d(x, y)2 + |t− s|2. Though the properties of the theorem
above suggest that the space in question has well-defined angles, this turns out to
be wrong. Indeed, Birkhoff showed there is an abundance of strictly convex norms
on R2 having symmetric orthogonalities [Bir35].
Observe, however, that whenever R2 ×2 R has symmetric orthogonalities for a
normed space (R2, ‖ · ‖) then by Birkhoff’s result R2 ×2 R and thus R
2 must be
Euclidean. Hence the symmetric orthogonality property is not stable under taking
products. If we can ensure that tangent spaces are still uniquely geodesic then
we obtain the following characterization by assuming a stable version of either the
symmetric orthogonality property or the non-expansive projection property.
Theorem 2 (see Theorem 19). Assume (M,d) and all its tangent space (T
(o)
x M,dx)
are Busemann convex geodesic spaces. If M ×2 R satisfies either of the properties
(SO), (A) or (NE) then (M,d) is a CAT (0)-space.
Note that any CAT (0)-space (M,d) satisfies the assumptions of Theorem 2 im-
plying that the stable version of the properties (SO), (A) and resp. (NE) are
Riemannian properties. Indeed, even without Busemann convexity Proposition 13
shows that a weak form of angles exists assuming the stable symmetric orthogonal-
ity property and a weak form of convexity of the metric.
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Preliminaries. A metric space (M,d) is said to be a geodesic space if for each
x, y ∈M there is a 1-Lipschitz map γ : [0, 1]→M such that γ0 = x, γ1 = y and
d(γt, γs) = |s− t|d(x, y).
The map γ is called a [0, 1]-parametrized geodesic. (M,d) is said to be uniquely
geodesic if for each x, y ∈M there is exactly one geodesic connecting those points.
Similarly, a [a, b]-parametrized geodesic γ : [a, b] → M if γ˜t = γa+t(b−a) is a [0, 1]-
parametrized geodesic. A unit speed geodesic between x and y is a [0, d(x, y)]-
parametrized geodesic between x and y. Finally, we say η : [0,∞) → M is a
geodesic ray and γ : R → M is a geodesic line if for all t, s ∈ [0,∞) and t′, s′ ∈ R
it holds d(ηt, ηs) = |t − s| and d(γt′ , γs′) = |t
′ − s′|. Note that a geodesic line γ
induces two geodesic rays γ± defined by γ±t = γ±t, t ∈ [0,∞).
In the following, we always assume that metric spaces are complete and geodesic
and, if not mentioned otherwise, geodesics are assumed to be [0, 1]-parametrized.
A subset C ⊂ M is weakly convex if for all x, y ∈ C there is a geodesic γ
connecting x and y such that γt ∈ C for t ∈ [0, 1]. If all geodesics connecting x and
y lie entirely in C then C is said to be convex. Note that the image of any geodesic
is weakly convex.
Given any subset A ⊂M we define the convex hull of A as follows: Let G0 = A
and for n ≥ 1 define
Gn =
⋃
x,y∈Gn−1
{γt | γ is a geodesic connecting x and y, and t ∈ [0, 1]}
convA =
⋃
n∈N
Gn.
The closed convex hull of A is now defined to be the closure of convA.
Given a subset C ⊂M and x ∈M , denote by πC(x) the set of nearest points of
x onto C, i.e.
πC(x) = {y ∈ C | d(x, y) = d(x,C) = inf
z∈C
d(x, z)}.
If C is compact then πC(x) is always non-empty. If πC is single-valued then we
regard πC as a (partially-defined) map. In general πC(x) is neither non-empty nor
single-valued.
We say (M,d) is uniformly ∞-convex if there is a function ρ : (0,∞) → (0,∞)
such that for all ǫ > 0 and all points x, y, z ∈M with
d(y, z) > ǫmax{d(x, y), d(x, z)}
it holds
d(x,m) ≤ (1− ρ(ǫ))max{d(x, y), d(x, z)}
whenever m is a midpoint of y and z. Note that in a uniformly ∞-convex space
the projections πC onto any closed convex set is single-valued.
This definition of uniform convexity is equivalent to uniform convexity in Banach
spaces. Among several uniform convexity assumptions in the metric setting this is
one of the weakest (see e.g. [Foe04, Kel14]). This condition is needed to ensure
that the tangent spaces in terms of ultralimit blow-ups are uniquely geodesic (com-
pare Lemma 20 and 21 below). Every Riemannian and Finsler manifold is locally
uniformly ∞-convexity as this condition is equivalent to strong convexity of balls
in the smooth finite dimensional setting (see [She97, Theorem 5.2]).
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A popular and stronger condition is called Busemann convexity or non-positive
curvature in the sense of Busemann [Bus55, Section 36]. For this one requires that
for any geodesics γ and η the map
t 7→ d(γt, ηt)
is convex. As one may readily verify the condition is equivalent to the following:
for all geodesics γ and η with γ0 = η0 it holds
d(γ 1
2
, η 1
2
) ≤
1
2
d(γ1, η1).
Note that Busemann convex spaces are uniquely geodesic and the projection onto
compact convex sets, e.g. geodesics, is well-defined and single-valued. Busemann’s
condition also implies the following rigidity theorem.
Lemma 3 ([Bus55, Theorem (36.9)]). Let (M,d) be Busemann convex metric space.
Assume there are two geodesics γ and η such that t 7→ d(γt, ηt) is affine, i.e.
d(γt, ηt) = (1− t)d(γ0, η0) + td(γ1, η1).
Then the closed convex hull of γ([0, 1])∪ η([0, 1]) is isometric to a convex subset of
R2 equipped with a strictly convex norm.
However, Busemann convexity is not stable under taking limit spaces as can
be observed by letting the n-dimensional ℓp-spaces converge to (Rn, ‖ · ‖∞). Fur-
thermore, it is not known whether tangent spaces of Busemann convex spaces are
themselves Busemann convex.
A condition which is stable under limit operations is the CAT (0)-condition which
can be formulated via comparison triangles (see e.g. [BH99, Chapter II.1]). More
precisely, (M,d) is said to be a CAT (0)-space if for all x, y, z ∈M and x˜, y˜, z˜ ∈ R2
satisfying
d(x, y) = ‖x˜− y˜‖, d(x, z) = ‖x˜− z˜‖, d(y, z) = ‖y˜ − z˜‖
it holds
d(x,m) ≤ ‖x˜− m˜‖
where m and m˜ are the midpoints of y and z, resp. y˜ and z˜.
In the following we define tangent spaces in terms of ultralimits of a sequence of
blow-ups at a fixed point. For this let ω be a non-principle ultrafilter on N. We
will regard ω as a finitely additive measure on N such that for all A ⊂ N it holds
ω(A) ∈ {0, 1} and ω(A) = 0 whenever A is finite. Given a sequence (an)n∈N in
R∪{±∞}, the ultrafilter ω “selects” exactly one converging subsequence of (an)n∈N.
We denote the unique limit by limω(an)n∈N and called the ultralimit of (an)n∈N.
With of the ultrafilter ω we define blow-up tangent spaces as folows: Fix a se-
quence (λn)n∈N of positive numbers converging to zero. Then the tangent space
(T
(o)
x M,dx, x) at x is the ultralimit of the sequence of pointed metric spaces (M,λ
−1
n d, x)n∈N
where the points of (T
(o)
x M,dx, x) are just the set of sequences (xn) with limω λ
−1
n d(xn, x) <
∞ and the metric is given by dx((xn), (yn)) = limω λ
−1
n d(xn, yn). More precisely,
the ultralimit is the set of equivalence classes since we identify two sequences (xn)
and (yn) whenever limω λ
−1
n d(xn, yn) = 0. Note that (T
(o)
x M,dx) depends on both
the sequence (λn)n∈N and the ultrafilter ω.
One can show that (T
(o)
x M,dx) is complete and geodesic whenever (M,d) is
geodesic. Indeed, if (xn) and (yn) are points in T
(o)
x M and (γn) a sequence of
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geodesics connecting xn and yn then (γn(t)) is in T
(o)
x M and
lim
ω
1
t
d((xn), (γn(t))) = lim
ω
d((xn), (yn)) =
1
1− t
lim
ω
d((xn), (γn(1 − t)))
so that t 7→ (γn(t)) is a geodesic in (T
(o)
x M,dx). Thus if (T
(o)
x M,dx) is uniquely
geodesic then any geodesic in T
(o)
x M is given as an ultralimit of geodesics in M .
We denote the equivalence class obtained from the constant sequence xn = x by
0x. An ultraray γ¯ : [0,∞) → M is a geodesic ray obtained as follow: For a point
y ∈M let γ be a geodesic between x and y. Then
γ¯s := lim
ω
γλns, s ≥ 0.
Similarly, an ultraline γ¯ : R → M is a geodesic line obtained from a unit geodesic
γ : [−a, a]→M with γ0 = x by setting
γ¯s := lim
ω
γλns, s ∈ R.
Note if (M,d) is Busemann convex then for two ultrarays γ¯ and η¯ we have
dx(γ¯s, η¯s′) = lim
λ→0
d(γλs, γλs′)
λ
.
In particular, the metric is independent of the ultrafilter and the scaling (λn)n∈N.
Using Lemma 3 above the following holds.
Lemma 4. Assume (M,d) and (T
(o)
x M,dx) are Busemann convex. Then the convex
hull of any two ultrarays is flat, i.e. it is isometric to a flat sector in the two-
dimensional plane R2 equipped with a strictly convex norm.
We also need the following technical lemma.
Lemma 5. Assume (M,d) is Busemann convex, γ : R → M is a line and η :
[0,∞) → M a ray such that γ0 = η0. If the convex hulls of γ([0,∞)) ∪ η([0,∞))
and γ((−∞, 0])∪η([0,∞)) each span a flat Euclidean sector then for all s− < 0 < s+
and t ∈ [0,∞) it holds
d(ηt, γ0)
2 ≤ (1− λ)d(ηt, γs−)
2 + λd(ηt, γs+)
2 − (1− λ)λd(γs− , γs+)
2
where (1− λ)s− + λs+ = 0 and λ ∈ (0, 1).
Proof. Denote the two flat Euclidean sector by C±. The metric spaces (C±, d
∣∣
C±×C±
)
are both CAT (0)-spaces. If we glue them along the common ray η then we obtain
a new CAT (0)-space (C˜, d˜) satisfying the above inequality for d˜. Observe now that
for each (x, y) ∈ {(ηt, γ0), (ηt, γs−), (ηt, γs+)} it holds d˜(x, y) = d(x, y) as x and y
are both either in C+ or C−. Finally, as γ is a line in M , it must be a line in C˜ as
well, i.e. it holds
d(γs− , γs+) = |s+ − s−| = d˜(γs− , γs+).
Hence the inequality holds for the metric d. 
Symmetric Orthogonality
In this section we introduce the concept of symmetric orthogonality and prove
some corollaries which can be deduced directly deduced from Birkhoff’s main result
on normed spaces (Lemma 8).
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Definition 6 (Birkhoff orthogonal). A geodesic γ is said to be orthogonal to a
geodesic η if they intersect in a common point p = γ0 = η0 and
∀t, s ∈ [0, 1] : d(p, γt) ≤ d(ηs, γt).
In other words, for all t ∈ [0, 1] the point p is a closest point of γt on η. In this
case, we write γ ⊥p η.
For Riemannian manifolds it is known that if γ and η are short enough, i.e. γt
and ηt, t ∈ [0, 1], stay sufficiently close to γ0 then γ ⊥γ0 η is equivalent to
gγ0(γ˙0, η˙0) ≤ 0.
Note that this angle characterization is symmetric. In particular, for short geodesics
γ and η in a Riemannian manifold it holds η ⊥γ0 γ if and only if η ⊥γ0 γ. If the
Riemannian manifold is a Hadamard spaces, i.e. it is simply connected and has
non-positive sectional curvature, then γ ⊥p0 η is equivalent to gγ0(γ˙0, η˙0) ≤ 0 for
all geodesics γ, η. The symmetry “γ ⊥γ0 η if and only if η ⊥γ0 γ” holds actually
for all simply connected Riemannian manifolds without focal points. We leave the
details to the interested reader.
Definition 7 (Symmetric Orthogonality). A geodesic space (M,d) is said to satisfy
the symmetric orthogonality property (SO) if γ ⊥p η implies η ⊥p γ. We say that
(SO)loc holds if each point admits a neighborhood U such that the symmetry holds
for all geodesics lying in U .
Any normed space satisfies (SO) if it satisfies (SO)loc. Furthermore, for reflex-
ive normed spaces whose dual space have strictly convex norm, property (SO) is
equivalent to “ℓv(w) = 0 iff ℓw(v) = 0” where ℓv and ℓw are the duals of v and resp.
w obtained by
ℓv(w
′) = lim
ǫ→0
‖v + ǫw′‖2 − ‖v‖2
2ǫ
ℓw(v
′) = lim
ǫ→0
‖w + ǫv′‖2 − ‖w‖2
2ǫ
.
In Finsler geometry, ℓv is equal to gv(v, ·) where gv is called the fundamental tensor
at v. We refer to [She97, Oht08] for all concepts of Finsler manifolds needed for
the discussion below.
Lemma 8 (Linear Orthogonal Rigidity [Bir35, Jam47]). If (Rn, ‖ · ‖) is a normed
vector space with n > 2 then (Rn, ‖ · ‖) satisfies (SO) if and only if (Rn, ‖ · ‖) is
Euclidean, i.e. the norm ‖ · ‖ is induced by an inner product.
Actually this result holds more general for any Finsler manifolds.
Proposition 9. Assume (M,F ) is a smooth Finsler manifold. Then (M,F ) sat-
isfies (SO)loc if and only if each tangent space (TxM,Fx) satisfies (SO). In partic-
ular, (M,F ) is either 2-dimensional or a Riemannian manifold.
In case (M,F ) is has non-positive flag curvature then the local condition (SO)loc
implies the global condition (SO).
Remark. The proposition also holds for L2-products of Finsler manifolds which, in
general, do not have C2-Finsler structures. However, the first variation and the
local strong convexity of the square of the distance still holds for the factors and
hence their product.
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Proof. For simplicity assume F is symmetric. The proof can be easily adapted to
the asymmetric case as it only relies on the first variation formula and local strong
convexity of the square of the distance.
Assume for some x0 ∈M the tangent space (Tx0M,Fx0) does not satisfy property
(SO). Denote by gv the fundamental tensor at v ∈ TM . Since the symmetric
orthogonality property (SO) does not hold for (Tx0M,Fx0), there are v, w ∈ Tx0M
such that
gv(v, w) = 0 6= gw(w, v).
Let γv, γw : (−ǫ, ǫ) be geodesics with γ˙v(0) = v and γ˙w(0) = w. The first variation
formula yields
d
dǫ
d2(γv(−t), γw(ǫ)) = gv(v, w) = 0
d
dǫ
d2(γv(ǫ), γw(−s)) = gw(w, v) 6= 0.
By [She97, Theorem 5.2] (see also [Oht08, Corollary 5.2]), in a neighborhood U of x
the square of the distance from a fixed point x′ ∈ U is strongly convex (in U) hence
any critical point along a geodesic in U is automatically a global minimum (in U).
Thus we see that γv⊥x0γw but γw 6 ⊥γv. In particular, (M,F ) cannot satisfy the
symmetric orthogonality property (SO).
In case (M,F ) has non-positive flag curvature, the square of the distance from
fixed points is strictly convex [Egl97] (see also remark after [Oht08, Corollary 5.2]).
Therefore, gv(v, w) = 0 iff γv⊥x0γw. 
A well-known class of n-dimensional simply connected Finsler manifolds with
non-positive flag curvature are Hilbert geometries (see [PT14] for an introduction
to Hilbert geometries). One may verify that Hilbert geometries whose tangent
norms satisfy everywhere (SO) must already be Riemannian manifolds and there-
fore isometric to the hyperbolic space. Using a very elegant and short argument
this fact was obtained by Kelly and Paige in [KP52].
Proposition 10 (Hyperbolic Orthogonal Rigidity in Hilbert Geometry [KP52]).
Any n-dimensional Hilbert geometry satisfying (SO) is isometry the n-dimensional
hyperbolic space.
The general condition (SO) does not exclude all non-Riemannian geometry. Nev-
ertheless, it indicates that it is not stable, i.e. in general the L2-product of two
spaces satisfying (SO) does not satisfy (SO), not even locally. For that reason we
define a stronger condition. Indeed, if (R2×R, (‖ · ‖2 + | · |)
1
2 ) satisfies the symmet-
ric orthogonality property (SO) then its norm must be Euclidean. In particular,
its subspace (R2, ‖ · ‖) must be Euclidean as well. Thus we are led to define the
following.
Definition 11 (Stable Symmetric Orthogonality). A geodesic space (M,d) is said
to satisfy the stable symmetric orthogonality property (SO∗) if the metric space
M ×2 R = (M × R, d˜) satisfies symmetric orthogonality property (SO) where
d˜((x, t), (y, s))2 = d(x, y)2 + |t− s|2. The local version will be denoted by (SO∗)loc.
Corollary 12. Every normed vector space and every Finsler manifold satisfying
(SO∗)loc is a Riemannian manifold.
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More generally, we can show that the stable symmetric orthogonality (SO∗)
implies the existence of symmetric angles if one-sided angles are well-defined. This
is the case if the metric is strictly p-convex, p > 1, i.e. if for any x ∈ M the map
y 7→ dp(x, y) is strictly convex.
Proposition 13. Assume (M,d) is strictly p-convex for some p > 1. Then (M,d)
satisfies the stable symmetric orthogonality property (SO∗) if and only if for all unit
speed geodesics γ, η : [0, 1]→M starting at γ0 = η0 it holds
lim
t→0+
d2(ηt, γ1)− d
2(η0, γ1)
t
= lim
s→0+
d2(η1, γs)− d
2(η1, γ0)
s
.
Remark. This kind of symmetry condition was introduced in [OP14] and has strong
implications on the behavior of gradient flows of convex functional. In particular,
it shows that spaces satisfying (SO∗) must be Riemannian-like. Also note that this
symmetry property is stable under taking L2-products justifying the terminology.
Proof. Note that p-convexity implies that ∂+s d
2(η1, γs)|s=0 and ∂
+
t d
2(ηt, γ1)|t=0 ex-
ist.
Denote by d˜ the L2-product metric on M ×R. Then there is an a ∈ R such that
∂+s d˜
2((η1, 1), (γs, a · s))|s=0 = 0.
SinceM×2R is also strictly p-convex [Foe04], we see that the closest point of (η1, 1)
onto s 7→ (γs, a · s) is (η0, 0) = (γ0, 0).
Since the orthogonality in M ×2 R is symmetric we must have
∂+s d˜
2((ηt, t), (γ1, a))|s=0 ≥ 0
implying
∂+s d
2(η1, γs)|s=0 ≤ ∂
+
t d
2(ηt, γ1)|t=0.
Exchanging the roles of γ and η we obtain
lim
t→0+
d2(ηt, γ1)− d
2(η0, γ1)
t
= lim
s→0+
d2(η1, γs)− d
2(η1, γ0)
s
.
Conversely, if the commutativity condition holds then it also holds for M ×2 R.
Together with strict p-convexity one sees that (SO) holds for M ×2 R. Hence M
satisfies (SO∗). 
Remark (Jensen’s inequality). In [Kuw13] Kuwae proved Jensen’s inequality for
spaces satisfying (SO). However, it seems that the proof of [Kuw13, Theorem 4.1]
requires the stronger condition (SO∗). Indeed, [Kuw13, Lemma 2.12] cannot hold in
general, because if an L2-product of two non-trivial spaces satisfies (SO) then both
of its factors have to satisfy property (SO∗)loc. Furthermore, a general L
p-product
of smooth spaces with property (SO) can have at most dimension two. Therefore,
for general p 6= 2, Jensen’s inequality on higher dimensional spaces seems still open.
In the following we focus only on the global version of (SO). If (M,d) is locally
convex, i.e. each point admits a convex neighborhood, then almost all results below
hold with respect to their local version. However, local convexity seems rather
strong as there are spaces without convex sets with interior.
The following lemma gives an equivalent characterization of the symmetric or-
thogonality property in terms of a weak form of non-expansiveness of projections
onto geodesics.
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Lemma 14. The condition (SO) is equivalent to the following property (A): For
all weakly convex sets C it holds
d(xC , y) ≤ d(x, y)
for all x ∈M , y ∈ C and xC ∈ πC(x).
Remark. In [Kuw13, Lemma 2.10] Kuwae proved that property (SO), property (B)
in that paper, implies property (A).
Proof. Assume first the symmetric orthogonality property (SO) holds and let C
be a weakly convex subset. Choose xC ∈ πC(x) and y ∈ C. Let η be a geodesic
connecting xC and y in C and γ be a geodesic connecting xC and x. Since ηt ∈ C
and xC ∈ πC(γs) we have
d(xC , γs) = d(η0, γs) ≤ d(ηt, γs),
i.e. γ⊥xCη. Then the symmetric orthogonality (SO) implies η⊥xCγ which is noth-
ing but
d(xC , y) = d(γ0, y) ≤ d(γ1, y) = d(x, y).
Conversely, assume for all weakly convex set C it holds
d(xC , y) ≤ d(x, y)
for all x ∈M , y ∈ C and xC ∈ πC(x). Take now two geodesics γ and η with γ⊥pη.
Note that C = ∪t∈[0,1]{ηt} is weakly convex and γ0 ∈ πC(x). Thus if x = γt and
y = η1 ∈ C then
d(η0, y) = d(p0, y) ≤ d(x, y) = d(γt, y)
implying η⊥p0γ. As γ and η are arbitrary (M,d) must have symmetric orthogonal-
ities. 
Non-expansive projections
In this section we introduce the non-expansive projection property and prove
Theorem 1.
Definition 15 (Non-expansive Projections). We say a geodesic space (M,d) satis-
fies the non-expansive projection property (NE) if for all closed weakly convex sets
C and all x, y ∈M it holds
d(xC , yC) ≤ d(x, y)
whenever xC ∈ πC(x) and yC ∈ πC(y).
Remark. Property (NE) is well-known for linear spaces, see [Kak39, Theorem 3]
and [Phe57, Theorem 5.2] where it is shown that the only higher dimensional Ba-
nach spaces with non-expansive projections are Hilbert spaces, compare also with
Lemma 8.
It is easy to see that a set must be weakly convex if the a projection onto it
is non-expansive. The following properties can be shown from the non-expansive
projection property (NE). We leave the details to the interested reader.
Lemma 16. Assume (M,d) has non-expansive projections (NE). Then the fol-
lowing holds:
• (M,d) is uniquely geodesic
• the projection map πC onto weakly convex sets C is at most single-valued.
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• closed balls are strictly convex.
In particular, any weakly convex set is convex and πC can be regarded as a non-
expansive map whenever C is compact.
We first observe that the non-expansive projection property (NE) is stronger
than the symmetric orthogonality property (SO).
Proposition 17. If (M,d) satisfies (NE) then it also satisfies (SO).
Proof. Assume the non-expansive projection property (NE) holds and γ⊥γ0η, i.e.
γ0 = πη(γs), s ∈ [0, 1]. Since η is (weakly) convex, by property (NE) we have
d(γ0, ηt) ≤ d(γs, ηt) for all t ∈ [0, 1].
This implies that γ0 = πγ(ηt) and hence η⊥γ0γ. Because γ and η are arbitrary we
see that the symmetric orthogonality property (SO) holds. 
The converse of the statement does not hold, not even if every ball is strictly
convex. Indeed, if (M,d) is a closed ball of radius R < π2 on the sphere S
n with
standard metric then its balls are strictly convex. However, the projection onto a
non-constant geodesic is never non-expansive.
Assuming Busemann convexity it is even possible to prove equivalence of the two
properties.
Theorem 18. A Busemann convex metric space has symmetric orthogonalities
(SO) if and only if it has non-expansive projections (NE).
Remark. (1) As M ×2 R is Busemann convex spaces whenever M is Busemann
convex, we also see that (SO∗) and (NE∗) are equivalent for Busemann convex
spaces.
(2) An earlier version of this note also proved the equivalence of (SO) and (NE)
for Pedersen convex metric spaces, i.e. geodesic spaces such that⋃
x∈C
B¯ǫ(x)
is weakly convex for all closed (weakly) convex sets C.
Proof. It suffices to show that (SO) implies (NE). Let x, y ∈M and C be a closed
convex sets such that πC(x) and πC(y) are non-empty. Let xC ∈ πC(x) and yC =
πC(y) and assume by exchanging x and y if necessary that m = d(x,C) ≤ d(y, C).
Set Cr = B¯r(C) and note that πCr(x) and πCr(y) are non-empty as they contain
points on the geodesics connecting x and xC and resp. y and yC . Note that each
Cr is convex by Busemann convexity. Denote the projection of x and y onto Cr by
xr and yr, respectively. Since x = xm and Cm is convex, the geodesic η connecting
x and ym is in Cm. In particular, πη(y) = πCm(y). Now property (SO) (see Lemma
14) implies
d(x, ym) ≤ d(x, y).
Replacing y by ym we see that it suffices to show that d(xC , yC) ≤ d(x, y) whenever
m = d(x,C) = d(y, C).
Let t 7→ xt and t 7→ yt be [0,m]-parametrized geodesics connecting xC and x,
and yC and y, respectively. Note that xt ∈ πCmt(x) and yt ∈ πCmt(y).
Denote by γ(t) the geodesic connecting xt and yt for t ∈ [0, 1]. Since
s 7→ d(γ(t)s , γ
(0)
s )
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is convex by Busemann convexity and γ(0) in C we see that
d(γ(t)s , C) ≤ (1− s)d(xt, C) + sd(yt, C) = mt for all s ∈ [0, 1].
Furthermore, if
d(γ(t)s , C) = mt for some s ∈ [0, 1]
then
s 7→ d(γ(t)s , γ
(0)
s ) = mt for all s ∈ [0, 1]
implying that the closed convex hull of γ(t)([0, 1])∪γ(0)([0, 1]) is isometric to a closed
convex set in R2 equipped with a strictly convex norm, see Lemma 3. But in this
two-dimensional setting s 7→ d(γ
(t)
s , γ
(0)
s ) is constant if and only if t 7→ d(γ
(t)
0 , γ
(t)
1 ) =
d(xt, yt) is constant. In particular, d(xC , yC) = d(xt′ , xt′) for all t ∈ [0, t
′].
Thus, replacing C by Ct we may assume that m0 = d(γ
(t)
1
2
, C) < tm for all
t ∈ (0, 1]. Observe by applying an argument as above to the pairs (z, x) and (z, y)
where z = γ
(1)
1
2
we obtain
d(xm0 , z) ≤ d(x, z)
d(ym0 , z) ≤ d(y, z).
Thus by triangle inequality
d(xm0 , ym0) < d(x, y)
where the strict inequality is due to the fact that z cannot be midpoint of xm0
and ym0 . Replacing (x, y) by (xm0 , ym0) we obtain inductively a (mn)n∈N with
mn = d(xmn , C) and
lim
n→∞
mn = lim
n→∞
d(zmn , C)
where zt is the midpoint of xt and yt. By assumption d(zt, C) < mn implying
(xmn , xmn) → (x0, y0) = (xC , yC). Thus we obtain the desire inequality
d(xC , yC) < d(x, y).

Busemann convex spaces with non-expansive projection property
(NE∗)
In this section we are going to prove the second main result of this note.
Theorem 19. Let (M,d) be a complete geodesic space which is uniformly ∞-
convex. Then the following are equivalent:
(1) (M,d) is a CAT (0)-space
(2) (M,d) is a Busemann convex space satisfying the stable non-expansive pro-
jection property (NE∗)
(3) (M,d) is a Busemann convex space satisfying the stable symmetric orthog-
onality property (SO∗).
We first prove the following lemma on stability of the condition (SO).
Lemma 20. Let (Mn, dn, xn)n∈N be a sequence of geodesic spaces satisfying the
symmetric orthogonality (SO) (resp. its stable version (SO∗)). If the ultralimit
limω(Mn, dn, xn) is uniquely geodesic and projections onto compact convex sets are
unique then it satisfies the symmetric orthogonality property (SO) (resp. its stable
version (SO∗)).
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Proof. The ∗-version follows by noting that(
lim
ω
(Mn, dn, xn)×2 (R, | · |, 0)
)
=
(
lim
ω
(Mn, dn, xn)
)
×2 (R, | · |, 0).
Since (Mω, dω, xω) = limω(Mn, dn, xn) is uniquely geodesic, any geodesic in (Mω, dω)
is given by an ultralimit of a sequence geodesics γn. So it suffices to show for geo-
desic (γn) and (ηn) in Mω with (γn)⊥(pn)(ηn) also (ηn)⊥(pn)(γn) holds.
Assume (γn)⊥(pn)(ηn). Since projections onto (ηn)([0, 1]) are unique and pn =
γn(0) = ηn(0) we have
lim
ω
dn(pn, γn(t)) < lim
ω
dn(ηn(s), γn(t))
for all s, t ∈ (0, 1].
Fix t ∈ (0, 1] and let qn be a closest point of γn(t) on ηn. Then dn(qn, γn(t)) ≤
dn(pn, γn(t)) so that
lim
ω
dn(pn, γn(t)) ≤ lim
ω
dn(qn, γn(t)).
But the ultralimit of (qn) is on the ultralimit of the geodesics (ηn) implying that
the ultralimits of (pn) and (qn) agree.
Denote by γ˜n the geodesic connecting qn and γn(1). Then γ˜n⊥qnηn so that
property (SO) for (Mn, dn) implies ηn⊥qn γ˜n. In particular, since γ˜n(1) = γn(1) it
holds
dn(ηn(s), qn) ≤ dn(ηn(s), γn(1)) for all s ∈ [0, 1].
Combining the above we obtain for the ultralimit
lim
ω
dn(ηn(s), pn) = lim
ω
dn(ηn(s), qn) ≤ lim
ω
dn(ηn(s), γn(t))
for all s ∈ [0, 1]. Since t ∈ (0, 1] is arbitrary we see that (ηn)⊥pn(γn). Thus property
(SO) holds for (Mω, dω). 
Lemma 21. Assume (Mn, dn, xn) is a sequence of uniformly ∞-convex metric
spaces with same uniformity function ρ then any ultralimit limω(Mn, dn, xn) is uni-
formly ∞-convex with uniformity function ρ.
Proof. Let (xn), (yn) and (zn) be three points in (Mω, dω, xω) = limω(Mn, dn, xn)
with
dω((yn), (zn)) > ǫmax{dω((xn), (yn)), dω((xn), (zn))}.
Assume w.l.o.g. dω((xn), (yn)) ≥ dω((xn), (zn)). Then ω(A) = 1 for
A = {n ∈ N | dn(yn, zn) > ǫdn(xn, yn)}.
Now let (wn) be a midpoint of (yn) and (zn) (w.r.t. dω). Note that wn may not be
a midpoint mn of yn and zn.
We claim that (wn) = (mn) in Mω. Assume by contradiction this is not the
case. Then dω((mn), (wn)) > 0 and thus dω((yn), (zn)) > 0. So for some δ > 0 it
holds ω(B) = 1 where
B = {n ∈ A | dn(mn, wn), dn(yn, zn) ≥ δ,
dn(yn, wn), dn(zn, wn) ≤
1
2
(dn(yn, zn) + ρ0)}
with
ρ0 =
ρ(δ/2)δ
2(1− ρ(δ/2))
> 0.
Note that we used the fact that (wn) is a midpoint of (yn) and (zn).
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Let (vn) be the sequence of midpoints of mn and wn. Then by uniform convexity
dn(yn, vn) ≤ (1− ρ(δ/2))max{dn(yn, wn),
1
2
d(yn, zn)}
dn(zn, vn) ≤ (1− ρ(δ/2))max{dn(zn, wn),
1
2
d(yn, zn)}
for n ∈ B. But then
dn(yn, vn) + dn(zn, vn) ≤
1
2
(1− ρ(δ/2))(dn(yn, zn) + ρ0)
≤ dn(yn, zn)− ρ(δ/2)(d(yn, zn)−
δ
2
)
< dn(yn, zn)
for n ∈ B which contradicts the triangle inequality. Thus it holds (mn) = (wn).
Then uniform convexity implies
dn(xn,mn) ≥ (1− ρ(ǫ))dn(xn, yn)
for n ∈ B so that
dω((xn), (wn)) ≥ (1− ρ(ǫ))dω((xn), (yn)).

Proof of Theorem 19. Let (λn)n∈N be sequence in (0, 1) with λn → 0 and choose
any ultrafilter ω on N. In the following each tangent cone (T
(o)
x M,dx) will denote
the ultralimit (with respect to ω) of the space pointed metric space (M,dn, x) where
dn = λ
−1
n d.
The assumptions of the theorem imply that each tangent cone (T
(o)
x M,dx) is
uniformly∞-convex and hence uniquely geodesic and has single-valued projections
onto closed convex sets. In particular, they are Busemann convex and satisfy the
stable symmetric orthogonality property (SO).
Choose any triple x, y, z ∈M . Letm be the midpoint of x and y, γ : [−1, 1]→M
be the geodesic between x and y and η : [0, 1]→M be the geodesic between m and
z. Define
mn = m
xn = γ−λn
yn = γλn
zn = ηλn .
Denote the ultralimits of the sequences in T
(o)
m M by m∞, x∞, y∞ and z∞ respec-
tively.
From Busemann convexity and the properties of the geodesics γ and η we have
1
2
dn(xn, zn)
2 +
1
2
dn(yn, zn)
2 − dn(mn, zn)
2 −
1
4
dn(xn, yn)
2
≤
1
2
d(x, z)2 +
1
2
d(y, z)2 − d(m, z)2 −
1
4
d(x, y)2
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which implies
1
2
dm(x∞, z∞)
2 +
1
2
dm(y∞, z∞)
2 − dm(m∞, z∞)
2 −
1
4
dm(x∞, y∞)
2
≤
1
2
d(x, z)2 +
1
2
d(y, z)2 − d(m, z)2 −
1
4
d(x, y)2.
Observe that the geodesics γ and η induce an ultraline γ¯ : R → T
(o)
m M and an
ultraray η¯ : [0,∞)→ T
(o)
m M . Note that x∞, y∞ and m∞ lie on γ¯ and z∞ and m∞
lie on η¯.
Let γ¯± be the two ultrarays obtained from γ. If γ¯+ = η¯ or γ¯− = η¯ then x∞, y∞,
m∞ and z∞ all lie on γ¯ so that the one-dimensional parallelogram identity yields
1
2
dm(x∞, z∞)
2 +
1
2
dm(y∞, z∞)
2 − dm(m∞, z∞)
2 −
1
4
dm(x∞, y∞)
2 = 0.
Assume the ray η¯ is distinct from the rays γ¯±. Then by Lemma 4 the convex
hulls C± of γ¯±([0,∞))∪ η¯([0,∞)) are both flat non-trivial sectors. As both C+ and
C− are closed convex subsets of (T
(o)
m M,dm), the geodesic spaces (C
±, dm) satisfy
the stable symmetric orthogonality property, so that by Corollary 12 (C±, dm) are
both flat Euclidean sectors. But then Lemma 5 implies that
1
2
dm(x∞, z∞)
2 +
1
2
dm(y∞, z∞)
2 − dm(m∞, z∞)
2 −
1
4
dm(x∞, y∞)
2 ≥ 0.
Combined with the inequality above we have shown that
1
2
d(x, z)2 +
1
2
d(y, z)2 − d(m, z)2 −
1
4
d(x, y)2 ≥ 0.
As x, y, z ∈M are arbitrary, (M,d) must be a CAT (0)-space proving the claim of
the theorem. 
Remark. (1) A previous version of this note used the result in [FLS07].
(2) The proof uses the following observation of Busemann convex spaces: If
(M,d) is Busemann convex and each point has a tangent cone which is a CAT (0)-
space then (M,d) itself is a CAT (0)-space. A similar argument holds for non-
negatively curved spaces in the sense of [Kel16], i.e. if (M,d) is Busemann concave
and each tangent cone is non-negatively curved in the sense of Alexandrov then
(M,d) is non-negatively curved in the sense of Alexandrov.
Generalizations. The assumption of uniform ∞-convexity can be dropped if it is
possible to show the following.
Problem 22. Assume (M,d) is Busemann convex and γ and η are two geodesics
starting at x. Let γ¯ and η¯ the corresponding ultrarays in T
(o)
x M . Then there is a
(weakly convex) 2-dimensional flat sector C containing γ¯ and η¯.
Indeed, C ×2 R is often convex along the ultralimits of geodesics in M ×2 R
(see [Kle99, FLS07]) and the proof of Lemma 20 shows that (SO) holds for those
geodesics. Since Lemma 8 (see [Jam47]) only needs (SO) for the straight lines it
follows that C ×2 R is Euclidean.
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